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Let L1(x) and L2(x) be linearized polynomials over Fqn . We give
conditions when the product L1(x) · L2(x) deﬁnes a planar mapping
on Fqn . For a polynomial L over Fqn , let M(L) = {α ∈ Fqn : L(x) +
α · x is bijective on Fqn }. We show that the planarity of the product
L1(x) · L2(x) is linked with the set M(L) of a suitable linearized
polynomial L. We use this relation to describe families of such
planar mappings as well as to obtain nonexistence results.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let p be an odd prime number and q a power of p. Given a mapping f : Fqn → Fqn and a non-zero
element a ∈ Fqn , we call
D f ,a : Fqn → Fqn , x → f (x+ a) − f (x) − f (a)
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linear) if all its difference mappings are bijective. Planar mappings were introduced in [7] as a tool
to construct projective planes. In cryptology planar mappings are called perfectly nonlinear, and they
provide the optimal resistance to differential attacks [14]. In [8,9], planar mappings are used to con-
struct optimal constant-composition codes and signal sets. Planar mappings do not exist in ﬁnite
ﬁelds of even characteristic, since D f ,a(x) = D f ,a(x + a) for any difference mapping on F2n . A map-
ping f : F2n → F2n is called almost perfect nonlinear (APN) if every difference mapping of it has an
image set of the maximal possible cardinality 2n−1.
The q-weight of a nonnegative integer m is the sum of the digits in its q-adic representation, i.e.
if m =∑i biqi with 0 bi  q − 1 then the q-ary weight of m is ∑i bi ∈ Z. Recall, that any mapping
of Fqn can be represented by a polynomial over Fqn of degree less than qn . Moreover, different such
polynomials deﬁne different mappings. This allows us to identify the set of mappings of Fqn with the
set of polynomials over Fqn with degree less than qn . The algebraic q-degree of a polynomial over
Fqn is the maximal q-weight of the exponents in its terms. We use brieﬂy the term algebraic degree,
since q is ﬁxed all over the paper.
The Fq-linear mappings L : Fqn → Fqn are represented by the polynomials of algebraic degree 1
with zero constant term, that is L(x) =∑n−1i=0 cixqi , ci ∈ Fqn . Such polynomials are called linearized or
q-polynomials. In particular, a linearized polynomial describes a bijective mapping if and only if its
only zero is x = 0. The aﬃne mappings are given by the polynomials of algebraic degree 1.
Two mappings F ,G : Fqn → Fqn are called extended aﬃne equivalent (EA-equivalent), if G = A1 ◦
F ◦ A2 + A for some aﬃne permutations A1, A2 and an aﬃne mapping A. EA-equivalent non-constant
mappings have the same algebraic degree. It is easy to see that EA-equivalence preserves the planarity
and APN property of mappings.
A mapping is called quadratic if it is represented by a polynomial of algebraic degree 2. The fol-
lowing polynomials of algebraic degree 2
n−1∑
i, j=0
ai, jx
qi+q j , ai, j ∈ Fqn ,
are called Dembowski–Ostrom polynomials in [6]. Observe that any quadratic mapping is EA-
equivalent to one represented by a Dembowski–Ostrom polynomial. Planar Dembowski–Ostrom poly-
nomials describe ﬁnite commutative semi-ﬁelds and vice versa [7,5].
Products of two linearized polynomials deﬁne a special type of Dembowski–Ostrom polynomials.
To our knowledge such polynomials were ﬁrst considered in [3] with the goal to characterize permu-
tations deﬁned by such products. This study was continued in [12]. APN products of two linearized
polynomials are considered in [4], where it is shown that if x · L(x) is APN with a linearized poly-
nomial L(x) then L(x) must be a monomial c · x2i with a non-zero c ∈ F2n and gcd(i,n) = 1. As a
consequence, for linearized polynomials L1, L2 ∈ F2n [x] such that L2 is a permutation polynomial, the
mapping L1 · L2 : F2n → F2n is APN if and only if L1(x) = c · L2(x)2i , where c ∈ F2n non-zero and
gcd(i,n) = 1.
In this paper we investigate the planarity of products of linearized polynomials. In Section 2 we
observe that without loss of generality we may consider the products x · L(x) instead of products
L1(x) · L2(x), where L, L1, L2 are linearized polynomials. Further we note that, contrary to the APN
case, there are planar polynomials x · L(x) with a non-monomial linearized polynomial L(x). We show
that planar products x · L(x) can be characterized via a property of the setM(L) = {α ∈ Fqn : L(x)+α ·
x is bijective on Fqn }. The setsM(L) are studied in ﬁnite geometry because of their connection with
blocking sets [1,2,15]. We use the link between the planarity and the setM(L) to study the planarity
of mappings x · L(x) for some choices of L. In particular, we consider the case L(x) = Trn(x)+ax where
Trn is the trace mapping from Fqn into Fq . We show that this mapping can be planar only for n 4.
We reduce the question on planarity of the mapping x · (Tr3(x)+ax) on Fq3 to a problem of existence
of certain irreducible cubic polynomials, which lead to (non)existence results of such mappings.
Throughout the paper for a set A ⊆ Fqn , A∗ denotes its subset A \ {0}.
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Proposition 1. Let L1, L2 : Fqn → Fqn be Fq-linear mappings. If the mapping L1 · L2 : Fqn → Fqn is planar,
then necessarily the mappings L1 and L2 are bijective on Fqn .
Proof. Assume that there exists a non-zero a ∈ Fqn such that L1(a) = 0. Then the difference mapping
DL1·L2,a deﬁned by this a is not bijective. Indeed,
DL1·L2,a(x) = L1(a + x)L2(x+ a) − L1(x)L2(x) − L1(a)L2(a)
= L1(x)L2(a) + L1(a)L2(x)
= L1(x)L2(a),
since L1(a) = 0. Thus DL1·L2,a is not bijective and hence L1 · L2 is not planar. 
The next proposition shows that the study of planar polynomials of shape L1(x) · L2(x) can be
reduced to the one of shape x · L(x), where L(x) is again a linearized polynomial.
Proposition 2. Let L1, L2 : Fqn → Fqn be Fq-linear. Then L1(x) · L2(x) is planar on Fqn if and only if
x · L1(L−12 (x)) is planar on Fqn , where L−12 (x) is the inverse mapping of L2 .
Proof. By Proposition 1 the mapping L2 is invertible when L1 · L2 is planar. Let L−12 be its inverse.
Then the statement follows from the observation that L1(x) · L2(x) is EA-equivalent to x · L1(L−12 (x)),
since
(
L1(x) · L2(x)
) ◦ L−12 (x) = L1(L−12 (x)) · L2(L−12 (x))= L1(L−12 (x)) · x. 
The monomial planar mappings x2 = x · x and xqi+1 = x · xqi , where 1 i  n − 1 with n/gcd(n, i)
odd, are given by products of linearized monomial polynomials. A less trivial example is:
Proposition 3. Let 1 k n− 1 with n/gcd(n,k) odd and let u ∈ Fqn be not a (qk − 1)st power in Fqn . Then
the mapping F (x) = x · (xqn−k − uxqk ) is planar on Fqn .
Proof. We show that F (x) is EA-equivalent to the planar monomial xq
k+1. Indeed,
F (x) = xqn−k+1 − uxqk+1 = (xqn−k − ux) ◦ xqk+1,
the assumptions on k and u ensure that xq
n−k − ux is bijective and that xqk+1 is planar. 
For a linearized polynomial L(x) over Fqn we deﬁne the polynomial Q L by
Q L(x) := L(x)
x
and the setM(L) by
M(L) := {α ∈ Fqn : L(x) + α · x is bijective on Fqn}.
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M(L)∗ = F∗qn \
{−Q L(y) ∣∣ y ∈ F∗qn}. (1)
The next theorem gives connections between the planarity of x · L(x) and the properties of the set
M(L) and the image set of Q L .
Theorem 1. Let L : Fqn → Fqn be a bijective Fq-linear mapping. Then the following statements are equivalent:
(a) The mapping x · L(x) is planar on Fqn .
(b) {Q L(y) | y ∈ F∗qn } ⊆M(L) holds.
(c) For any non-zero β ∈ Fqn , at most one of β or −β belongs to the set {Q L(x): x ∈ F∗qn }.
(d) For any non-zero β ∈ Fqn at least one of β or −β belongs to the setM(L).
Proof. The mapping x · L(x) is planar if and only if for any non-zero a ∈ Fqn
Da(x) = (x+ a)L(x+ a) − xL(x) − aL(a) = aL(x) + xL(a)
is bijective on Fqn . Clearly Da(x) is bijective if and only if
Da(x)
a
= L(x) + L(a)
a
x = L(x) + Q L(a)x
is bijective. The latter is equivalent to Q L(a) ∈M(L) for all non-zero a, showing the equivalence of
(a) and (b).
To prove the equivalence of (a) and (c), recall that since Da(x) is a linear mapping, it is bijective if
and only if it has a trivial kernel. The condition aL(x) + xL(a) = 0 if and only if x = 0 is equivalent to
L(x)
x
= − L(a)
a
for all non-zero a, x ∈ Fqn .
To complete the proof it remains to note that (d) is a reformulation of (c) because of Eq. (1). 
The next result was proved in [10,11] by different approaches. In [10] it is shown that the map-
pings of Theorem 2 can be obtained from the mapping x → x2 via EA-equivalence. We show that this
result can be proved by using Theorem 1 as well.
Theorem 2. Let u ∈ Fq2 . The mapping F (x) = x2 +uxq+1 is planar on Fq2 if and only if 1−uq+1 is a non-zero
square in the subﬁeld Fq.
Proof. The statement is true for u = 0, so let u = 0. Let L be the mapping x → (x + uxq) on Fq2 . By
Proposition 1, for F (x) to be planar it is necessary that L is bijective. First we ﬁnd the condition on
u ∈ F∗
q2
such that L is bijective. As x + uxq = x(1 + uxq−1) is linear, L is bijective if and only if x = 0
is the only zero of x+ uxq in F2q , or equivalently xq−1 = −1/u for any x ∈ F∗q2 . The latter condition is
equivalent to 1 = 1/uq+1. Hence L is bijective if and only if uq+1 = 1.
Assume that u ∈ F∗
q2
and uq+1 = 1. Then L is bijective and we can apply Theorem 1 with L(x) =
x + uxq . The mapping F (x) is not planar if and only if there is a non-zero β ∈ Fq2 such that both
L(x) + βx = uxq + (1+ β)x and L(x) − βx = uxq + (1− β)x are not bijective on Fq2 . This is the case if
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q2
, or equivalently if:
(
β + 1
u
)q+1
=
(
β − 1
u
)q+1
= 1.
In particular, (β + 1)q+1 = (β − 1)q+1 holds, implying βq = −β . Hence,
(
β + 1
u
)q+1
= −β
2 − β + β + 1
uq+1
= 1,
which yields
β2 = −uq+1 + 1.
Note that 1− uq+1 is an element in the subﬁeld Fq . Moreover β /∈ Fq , since β = −βq . Hence, if F (x)
is not planar on Fq2 then 1− uq+1 is a non-square in F∗q . To complete the proof, let 1− uq+1 = 0 be
a non-square in Fq . Then there is a β ∈ Fq2 \ Fq satisfying β2 = −uq+1 + 1. Moreover, this β satisﬁes
βq = −β . Indeed, β and −β are the zeros of the irreducible polynomial x2 − (1 − uq+1) over Fq and
thus −β is the conjugate of β over Fq . It remains to note that this β satisﬁes
(
β + 1
u
)q+1
=
(
β − 1
u
)q+1
= 1,
implying that the mappings L(x) + βx and L(x) − βx are not bijective. 
The results of this section show that the planarity of a product x · L(x) is strongly linked with the
set M(L). Hence, knowledge of M(L) will imply information on the planarity of x · L(x) and vice
versa. To our knowledge the only linearized polynomials L for which the sets M(L) are explicitly
known are x, xq
k − ux, Trn(x) = x + xq + · · · + xqn−1 or some natural transformations of these polyno-
mials.
Open problem. Find new families of linearized permutation polynomials L with |{β,−β}∩M(L)| 1
for any β ∈ Fqn .
3. Mappings of shape x · (Trn(x) + ax) are never planar on Fqn with n 5
In [11] it is shown that the mapping x2 + uxq+1 is never planar in Fqn when n 3. Let Trn be the
polynomial describing the trace mapping from Fqn onto Fq . The mappings considered in Theorem 2
can be represented as ux(Tr2(x)+(u−1−1)x) for u = 0. In the remaining part of the paper we consider
the planarity of the mappings x · (Trn(x) + ax) in Fqn . In particular, we show that such mappings may
be planar for certain choices of a only if n 4.
The setM(Trn) for the trace mapping is explicitly known [2,13]:
Proposition 4. Let n 2, thenM(Trn) = {γ ∈ F∗qn : Trn(γ −1) = −1}.
Proof. Note that 0 /∈M(Trn) since Trn maps Fqn onto Fq . Let α ∈ F∗qn . Then it is easy to see that
α /∈M(Trn) ⇐⇒ Trn(1/α) = −1.
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Trn(x) = −αx and hence − 1
α
= x
Trn(x)
.
Taking the trace of the both sides we get
Trn(−1/α) = Trn(x)
Trn(x)
= 1.
Conversely assume that Trn(1/α) = −1. Then
x = 1
α
∈ F∗qn
is a non-trivial zero of the linear mapping Trn(x) + αx, and thus α /∈M(Trn). 
Theorem 3. Let n  2, a ∈ Fqn and F (x) = x(Trn(x) + ax). Then F (x) is planar on Fqn if and only if the
following three conditions are satisﬁed:
(i) a = 0.
(ii) Trn( 1a ) = −1,−2.
(iii) There is no z ∈ Fqn \ {0,a,2a} such that
Trn
(
1
z
)
= −1 and Trn
(
1
z − 2a
)
= 1.
Proof. By Proposition 1, if F (x) is planar then a = 0, since the trace mapping is not bijective for n 2.
By deﬁnition we have
M(Trn(x) + ax)= {α ∈ Fqn : Trn(x) + (a + α)x is bijective on Fqn}
= {β − a: β ∈M(Trn)}
=
{
β − a: β ∈ F∗qn with Trn
(
1
β
)
= −1
}
=
{
γ : γ ∈ Fqn s.t. γ = −a and Trn
(
1
γ + a
)
= −1
}
,
where we use Proposition 4.
By Theorem 1, F (x) is planar if and only if 0,a are in M(Trn(x) + ax) and for each β ∈ Fqn \
{0,a,−a} at least one of β and −β is inM(Trn(x) + ax). By Proposition 4 the elements 0 and a are
inM(T rn(x) + ax) if and only if
Trn
(
1
a
)
= −1,−2.
Let β ∈ Fqn \ {0,a,−a}. None of β and −β are inM(Trn(x) + ax) means that
Trn
(
1
β + a
)
= −1 and Trn
(
1
−β + a
)
= −1.
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Trn
(
1
z
)
= −1 and Trn
(
1
z − 2a
)
= 1,
and z ∈ Fqn \ {0,a,2a}. This completes the proof. 
The next theorem shows that the conditions of Theorem 3 are not satisﬁed for n  5, and thus
planar mappings of shape x · (Trn(x) + ax) may exist only for n 4.
Theorem 4. Let n 5. Then the mapping F (x) = x · (Trn(x) + ax) is not planar on Fqn for all a ∈ Fqn .
Proof. Using Theorem 3 we assume without loss of generality that a = 0 and Trn(1/a) /∈ {−1,−2}.
Then, again by Theorem 3, it is enough to show that there is z ∈ Fqn \ {0,a,2a} such that Trn(1/z) =
−1 and Trn(1/(z − 2a)) = 1.
Let α,β ∈ Fqn be such that Trn(α) = 1 and Trn(β) = −1. Consider the system
yq1 − y1 =
1
x
+ α,
yq2 − y2 =
1
x− 2a + β. (2)
Observe that the existence of a solution (x, y1, y2) ∈ Fqn × Fqn × Fqn for this system, implies the
existence of an element z with the required properties. Indeed taking Trn of both sides we get
Trn(y
q
1 − y1) = 0 = Trn(1/x) + 1 and Trn(yq2 − y2) = 0 = Trn(1/(x − 2a)) − 1. Hence for z = x we get
Trn(1/z) = −1 and Trn(1/(z − 2a)) = 1. It is also clear that such an x satisﬁes x /∈ {0,2a}. Moreover if
x = a, then Trn(1/a) = −1, which was excluded.
Now we prove the existence of a solution (x, y1, y2) ∈ Fqn × Fqn × Fqn . Let K0 be the ratio-
nal function ﬁeld Fqn (x) and K1 and K2 be the algebraic function ﬁelds with K1 = Fqn (x, y1),
K2 = Fqn (x, y1, y2) with y1 and y2 as in (2). Consider the tower of ﬁeld extensions K0 ⊆ K1 ⊆ K2.
Let P0 and P2a be the rational places (degree one places) of K0 corresponding to the zeros of x and
x− 2a. The extension K1/K0 is ramiﬁed only over P0 and hence using [16, Proposition 3.7.10] for the
genus g(K1) of K1 we obtain that
g(K1) = q − 1
2
(−2+ (1+ 1))= 0.
The place P2a is unramiﬁed in the extension K1/K0. Since Trn(1/2a) = −1, there is no rational place
of K1 over P2a . Since K1/K0 is a Galois extension of degree q, there exist  places Q 1, Q 2, . . . , Q  of
K1 over P2a such that their degrees are the same and we have d = q, where d is their degree.
The extension K2/K1 is ramiﬁed only over Q 1, Q 2, . . . , Q  . Therefore using [16, Proposition 3.7.10]
again, for the genus g(K2) of K2 we obtain that
g(K2) = q − 1
2
(
−2+
∑
i=1
(1+ 1)deg Q i
)
= q − 1
2
(−2+  · 2 · d)
= q − 1 (−2+ 2q) = (q − 1)2.
2
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Serre theorem (cf. [16, Theorem 5.3.7]). Let N(K2) denote the number of rational places of K2. By the
Hasse–Weil–Serre theorem we have
N(K2) qn + 1− g(K2)
⌊
2qn/2
⌋= qn + 1− (q − 1)2⌊2qn/2⌋.
Since n 5 we obtain that
qn + 1 > (q − 1)2⌊2qn/2⌋,
and hence there exists a rational place of K2. Let P∞ be the place of K0 corresponding to the pole
of x. As Trn(α) = 1 = 0, there is no rational place of K1 over P∞ . Therefore there is no rational place of
K2 over P∞ as well. Hence any rational place of K2 corresponds to a triple (x, y1, y2) ∈ Fqn ×Fqn ×Fqn
satisfying the system (2). This completes the proof. 
4. Planar mappings of shape x · (Tr3(x) + ax) on Fq3
In contrast to the case n 5, planar mappings of shape x · (Tr3(x) + ax) do exist on Fq3 . Indeed, if
we put n = 3, k = 1 and u = −1 in Proposition 3, then we obtain that the mapping
x · (xq2 + xq)= x · (Tr3(x) − x)
is planar on Fq3 . This observation and Theorem 3 imply:
Corollary 1. There is no z ∈ Fq3 satisfying Tr3( 1z ) = −1 and Tr3( 1z+2 ) = 1 simultaneously.
Later in this section we prove that also a = −2 deﬁnes a planar mapping on Fq3 . Our computer
experiments for small values of q indicate that these might be the only values of a deﬁning planar
mappings of the considered shape on Fq3 . Also we found no examples of a ∈ Fq4 deﬁning planar
mappings x · (Tr4(x) + ax) on Fq4 .
For further considerations it is convenient to use the notation α = −2a, or equivalently to consider
the mappings of shape x · (Tr3(x) − α2 x) with α ∈ Fq . For such mappings Theorem 3 reduces to:
Theorem 5. Let α ∈ Fq and F (x) = x(Tr3(x)− α2 x). Then F (x) is planar on Fq3 if and only if the following two
conditions are satisﬁed:
(i) α /∈ {0,3,6}.
(ii) There is no z ∈ Fq3 \ Fq such that
Tr3
(
1
z
)
= −1 and Tr3
(
1
z + α
)
= 1.
Proof. Conditions (i) and (ii) of Theorem 3 reduce to condition (i) of this theorem. To complete the
proof we need to show that there is no z ∈ {0,−α2 ,−α} such that
Tr3
(
1
z
)
= −1 and Tr3
(
1
z + α
)
= 1.
Indeed, note that for z ∈ Fq \ {0,−α2 ,−α} we have
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(
1
z
)
= −1 ⇐⇒ z = −3,
and
Tr3
(
1
z + α
)
= 1 ⇐⇒ z + α = 3,
implying −3+ α = 3 and thus α = 6, which is excluded in (i). 
The next lemma links the planarity of the mappings under consideration with existence of certain
cubic irreducible polynomials.
Lemma 1.
(a) There is no element z ∈ Fq3 \ Fq with
Tr3
(
1
z
)
= −1 and Tr3
(
1
z + 2
)
= 1.
(b) Let α ∈ Fq \ {2}. Then there is an element z ∈ Fq3 \ Fq with
Tr3
(
1
z
)
= −1 and Tr3
(
1
z + α
)
= 1
if and only if there is an A ∈ Fq such that the polynomial
T 3 + AT 2 +
(
Aα − α
2(α − 3)
α − 2
)
T +
(
Aα − α
2(α − 3)
α − 2
)
∈ Fq[T ]
is irreducible over Fq.
Proof. Let z ∈ Fq3 \ Fq satisfy (3). Suppose that the minimal polynomial of z over Fq is
T 3 + AT 2 + B1T + B0 ∈ Fq[T ].
Note B0 = 0. Then the polynomial
T 3 + B1
B0
T 2 + A
B0
T + 1
B0
is the minimal polynomial of 1/z over Fq . Thus Tr3(1/z) = −B1/B0 = −1 if and only if B1 = B0.
Therefore the minimal polynomial of z over Fq is given by
T 3 + AT 2 + BT + B ∈ Fq[T ].
Since α ∈ Fq , we have that (z+α) ∈ Fq3 \ Fq as well. It is clear that z+α is a root of the polynomial
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= (T 3 − 3T 2α + 3Tα2 − α3)+ A(T 2 − 2Tα + α2)+ B(T − α) + B
= T 3 + (−3α + A)T 2 + (3α2 − 2Aα + B)T + (−α3 + Aα2 − Bα + B) ∈ Fq[T ].
Then 1/(z + α) is a root of the polynomial
1+ (−3α + A)T + (3α2 − 2Aα + B)T 2 + (−α3 + Aα2 − Bα + B)T 3.
Hence the minimal polynomial of 1/(z + α) over Fq is
T 3 + 3α
2 − 2Aα + B
−α3 + Aα2 − Bα + B T
2 + −3α + A−α3 + Aα2 − Bα + B T +
1
−α3 + Aα2 − Bα + B .
We conclude that Tr(1/(z + α)) = 1 if and only if
3α2 − 2Aα + B
−α3 + Aα2 − Bα + B = −1,
or equivalently
3α2 − 2Aα + B = α3 − Aα2 + Bα − B.
The latter equality reduces to
A
(
α2 − 2α)+ B(2− α) = α3 − 3α2.
If α = 2, then this is equivalent to 0 = 8− 3 · 4 = −4, which is not possible for q odd, completing the
proof of (a). The proof for (b) follows from observation, that for α = 2, dividing by (α − 2), we obtain
Aα − B = α2α − 3
α − 2 ,
or equivalently
B = Aα − α
2(α − 3)
α − 2 . 
Note that statement (a) of the above lemma was obtained also in Corollary 1. A direct consequence
of Theorem 5 and Lemma 1 is the following result:
Theorem 6. Let α ∈ Fq and F (x) = x(Tr3(x) − α2 x). Then:
• F (x) is planar on Fq3 if α = 2.• F (x) is not planar on Fq3 if α ∈ {0,3,6}.
Furthermore, for the remaining values of α ∈ Fq \ {0,2,3,6}, the mapping F (x) is planar on Fq3 if and only if
for every A ∈ Fq the polynomial
T 3 + AT 2 +
(
Aα − α
2(α − 3)
α − 2
)
T +
(
Aα − α
2(α − 3)
α − 2
)
∈ Fq[T ]
has a zero in Fq.
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Theorem 7. The mapping F (x) = x(Tr3(x) − 2x) is planar on Fq3 .
Proof. We use Theorem 6 with α = 4 and prove that the polynomial
A
(
T 2 + αT + α)+(T 3 − α2(α − 3)
α − 2 T −
α2(α − 3)
α − 2
)
= A(T 2 + 4T + 4)+ (T 3 − 8T − 8)
has a zero for any A ∈ Fq . Indeed, note that T 2 + 4T + 4 = (T + 2)2 and T 3 − 8T − 8 = (T + 2)(T 2 −
2T − 4) and thus T = −2 is a zero of the above polynomial for every A. 
The planar mapping F (x) = x(Tr3(x) − 2x) = xq2+1 + xq+1 − x2 obtained in Theorem 7 is EA-
equivalent to the monomial planar mapping xq+1. Indeed, it is easy to see that the equality
(
xq
2 + xq − x)q+1 = (−xq2 + xq + x) ◦ F (x)
holds. Note that the planar mapping F (x) = x(Tr3(x) − x) = xq2+1 + xq+1 given in the beginning of
this section before Corollary 1 is also EA-equivalent to the monomial planar mapping xq+1, which is
already shown in the proof of Proposition 3.
The following simple lemma will be used later.
Lemma 2. Let α ∈ Fq \ {0,2}. Then the greatest common divisor of the polynomials T 2 + αT + α and T 3 −
α2(α−3)
α−2 T − α
2(α−3)
α−2 is
gcd
(
T 2 + αT + α, T 3 − α
2(α − 3)
α − 2 T −
α2(α − 3)
α − 2
)
=
{
1 if α = 4,
T − 4 if α = 4.
Proof. We apply the extended Euclidean algorithm for determining the greatest common divisor. Note
that
T 3 − α
2(α − 3)
α − 2 T −
α2(α − 3)
α − 2 = (T − α)
(
T 2 + αT + α)+( 2α
α − 2 T +
α2
α − 2
)
.
The polynomial 2αα−2 T + α
2
α−2 is a polynomials of degree one as 2α = 0. We also have
T 2 + αT + α =
(
α − 2
2α
T + α − 2
4
)(
2α
α − 2 T +
α2
α − 2
)
+
(
α − α
2
4
)
.
Note that α − α24 = 0 if and only if α = 4. This completes the proof. 
Another application of Theorem 6 is:
Theorem 8. Let α ∈ Fq \ {0,2,3,4,6} such that the polynomial T 2 + αT + α ∈ Fq[T ] is reducible over Fq,
or equivalently α2 − 4α is a square in Fq. Then the mapping F (x) = x(Tr3(x) − α2 x) is not planar on Fq3 .
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Deﬁne the set S as follows
S =
{
− x
3 − α2(α−3)α−2 x− α
2(α−3)
α−2
x2 + αx+ α : x ∈ Fq \ {u1,u2}
}
.
Clearly |S|  q − 2, and thus there is an element A in Fq \ S . Then for this A there is no x ∈ Fq
satisfying
A
(
x2 + αx+ α)+(x3 − α2(α − 3)
α − 2 x−
α2(α − 3)
α − 2
)
= 0.
Indeed, if x ∈ {u1,u2}, then A(x2 + αx + α) = 0. Moreover since α = 4, by Lemma 2 the summand
x3 − α2(α−3)α−2 x− α
2(α−3)
α−2 = 0 for x ∈ {u1,u2}.
For the remaining values of x ∈ Fq \ {u1,u2} the equation above is not satisﬁed as well, since
otherwise A ∈ S , which is a contradiction to the choice of A. Theorem 6 completes the proof. 
Based on computer experiments we conjecture that also α ∈ Fq \ {0,2,3,4,6} with T 2 +αT +α ∈
Fq[T ] irreducible over Fq do not yield planar mappings. We formulate this in three equivalent forms:
Conjecture 1. Let α ∈ Fq \ {0,2,3,4,6} such that the polynomial T 2 + αT + α ∈ Fq[T ] is irreducible over
Fq, or equivalently α2 − 4α is a non-square in Fq. Then the following equivalent statements hold:
• F (x) = x(T r(x) − α2 x) is not planar on Fq3 .• There is an A ∈ Fq such that the polynomial
T 3 + AT 2 +
(
Aα − α
2(α − 3)
α − 2
)
T +
(
Aα − α
2(α − 3)
α − 2
)
∈ Fq[T ]
is irreducible over Fq.
• The mapping
ϕ : Fq → Fq,
x → x
3 − α2(α−3)α−2 x− α
2(α−3)
α−2
x2 + αx+ α
is not bijective on Fq.
The further cases which are of interest are:
Conjecture 2. There are no planar mappings of shape x · (Tr3(x) + ax) on Fq3 with a ∈ Fq3 \ Fq.
Note that Conjectures 1 and 2 together with Theorems 6, 7, 8 claim that only a = −1,−2 deﬁne
planar mappings of shape x · (Tr3(x) + ax) on Fq3 .
Conjecture 3. There are no planar mappings of shape x · (Tr4(x) + ax) on Fq4 .
Our computer experiments show that Conjecture 1 is true for all ﬁnite ﬁelds Fq (of odd character-
istic) of sizes not exceeding 997, Conjectures 2 and 3 hold for all ﬁnite ﬁelds Fq (of odd characteristic)
of sizes not exceeding 29 and 11, respectively.
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